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ABSTRACT: Multivalued functions between topological spaces have applications to the fixed point theory which in
turn has applications to social science, science and engineering. The authors have recently studied upper mixed
continuous and lower mixed continuous multifunctions between topological spaces. The purpose of this paper is to
introduce and characterize some weak forms of upper and lower mixed continuous multifunctions.
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I. INTRODUCTION AND PRELIMINARIES

Functions between two sets play a significant role in mathematics. In particular multivalued functions have
applications in applied mathematics such as optimal control, calculus of variations, probability, statistics, differential
inclusions, fixed point theory and so on.

Let X and Y be any two non empty sets. A multivalued function from X to Y, is a function F:X— g () such that
F(x)=2 for every xe X where g (Y) denotes the power set of Y. A multifunction F from X to Y is denoted by F:X-Y.
If F:X—>»Y then for every subset A of Y, F'(A)={xeX:F(X)cA} is called the upper inverse of A and
F (A)={xeX:F(XxX)nA=J}is called the lower inverse of A. For every subset A of X, F(A)= U F(X) . For the basic

XeA
results in multivalued analysis one may consult [2, 7, 9, 12]. The applications of multivalued functions are found in [6,
8, 10, 11, 16, 17, 18, 22, 23, 24, 29]. The properties of multifunctions are discussed in [19, 22, 25]. The continuity of
multifunctions is studied in [5, 10,13,14,20,21, 23, 26,28, 31-38]. It is easy to see that F"(A)cF (A) for every subset A
of X. The reverse inclusion is not true. Throughout this paper F:X-Y is a multi valued function, A , B are the subsets
of X and ‘iff” denotes ‘ if and only if . The following lemmas will be useful to study the continuity of multifunctions.
Lemma 1.1:

Q) F(AUB) = F(A)UF(B) but F(ANB)cF(A)NF(B)

(i) FOX\A) o FOX)\ F(A)

(iii) Ac B=F(A)cF(B)

Lemma 1.2:
(i) F'(Y\A) = X\F(A) and F(Y\A) = X\ F'(A)
(i)  AcB=F'(A)c F'(B) and F (A)c F (B)
(i)  F(AUB)=F(A)UF(B)butF (A~ B) > F(A) N F(B)
(V)  F'(AUB)c F'(A) U F'(B) but F'(An B) = F'(A) N F'(B)
(v) If ueF (F(x)) then F(u) < F(x)
(vi) F(F'(A)) < Ac F(F (A)

Definition 1.3: Let F:X-»Y and G:X-Y. The multifunctions FUG and FNG are defined as
(FUG)(X) = F(X)uG(x) and (FNG)(X) = F(X) G(x) for every xeX.

Definition 1.4: Let F:X->»Y and G:X—»Z. The multifunction FxG:X-»YxZ is defined as (FxG)(x) = F(X)xG(x) for
every xeX.
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Definition 1.5: Let F:X—»Y and G:Y—»Z. The multifunction G°F :X-»Z is defined as (G°F)(x)= UG(y) for every
yeF(x)
xeX.
Lemma 1.6: Let F:X-»Y and G:X-»Y. Let VcY. Then
Q) (FU G) (V) = F(V)UG (V) but (Fn G) (V)cF (V)NG (V)
(i) (FUG)* (V) c F'(V)UG*(V) and (FNG)* (V) < F(V)NG*(V)
The concepts of regular open[27], « -open[18], semiopen[19], preopen[15], b-open[4] and B-open[1] sets were
introduced and studied by Stone, Njastad, Levine, Mashhour et.al., Andrijevic and Abdel Monsef et.al. respectively .
The p-open sets are also called semi-preopen sets in the sense of Andrijevic[3]. The notations RO(X,t), @ O(X,1),

SO(X,1), PO(X,1), bO(X,t)and PBO(X,tr) denote the collection of regular open sets, & -open sets, semiopen sets,
preopen sets, b-open sets and (-open sets in a topological space (X,t) respectively. Similarly the notations RC(X,1),
aC(X,1), SC(X,1), PC(X,7), bC(X,t)and BC(X,r) denote the collection of regular closed sets, a -closed sets,
semiclosed sets, preclosed sets, b-closed sets and B-closed sets in a topological space (X,t) respectively.

Definition 1.7: F: (X, 1) (Y, o) is

(i) upper continuous (briefly U.C) if for all xeX and for every Veo with F(X)cV there exists Uet
containing x such that F(U)cV.

(i) upper weakly continuous (briefly UWC) if for all xeX and for every Veo with F(X)cV there exists an
open set U in (X, t) containing x such that F(U)cCI V.

(iii) upper a-continuous (briefly U. aC) if for all xeX and for every Vec with F(x)cV there exists an a-
open set U in (X,t) containing x such that F(U)cV.

(iv) upper precontinuous (briefly U.preC) if for all xeX and for every Veoc with F(X)cV there exists a
preopen set U in (X, 1) containing x such that F(U)cV.

(V) upper b-continuous (briefly U.bC) if for all xeX and for every Veo with F(X)cV there exists a b-open
set U in (X, t) containing x such that F(U)cV.

(vi) upper B-continuous (briefly U.BC) if for all xeX and for every Vec with F(X)cV there exists an (-
open set U in (X, 1) containing x such that F(U)cV.

Definition 1.8: F: (X, 1) (Y, o) is

(i) lower continuous (briefly L.C) if for all xeX and for every Vec with F(X)nV=J there exists Uert
containing x such that F(u)nV=2 for every ueU.
(i) lower weakly continuous (briefly L.WC) if for all xe X and for every Veoc with

F(X)NV = there exists an open set U in (X, 1) containing x such that F(u)"CIV =J
for every ueU.

(iii) lower a.-continuous (briefly L.a.C) if for all xeX and for every Vec with
F(X)NV =, there exists an o-open set U in (X,t) containing x such that F(u)nV =&
for every ueU.

(iv) lower precontinuous (briefly L.preC) if for all xe X and for every Vec with F(X)nV #J
there exists a preopen set U in (X,t) containing X such that F(u)nV=J for every ueU.

(v) lower b-continuous (briefly L.bC) if for all xeX and for every Vec with F(X)nV = there exists a b-open
set U in (X, t) containing x such that F(u)ynV =< for every ueU.

(vi) lower B-continuous (briefly L. BC) if for all xeX and for every Vec with F(X)nV = there exists an f-

open set U in (X,t) containing x such that F(u)ynV =< for every ueU.

Definition 1.9: F: (X, 1) (Y, o) is upper mixed continuous(briefly U.M.C) [30] if for all xe X and for every Veo
with F(X)cV there exists Uet containing x such that F(uynV=d for every ueU and is lower mixed continuous
(briefly L.M.C)[30] if for all xeX and for every Vec with F(X)nV=Z there exists Uet containing x such that
F(U)cV.
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1. Weak forms of upper mixed continuous multifunctions

Definition 2.1: F:(X, 1) (Y, ©) is

(i)upper mixed weakly continuous (briefly U.M.WC) if for all xeX and for every Veo with F(X)cV there exists
Uet containing x such that F(u)nCIV = for every ueU,

(i) upper mixed b-continuous (briefly U.M.bC) if for all xeX and for every Veoc with F(x)cV there exists
UebO(X,t) containing x such that F(u)nV = for every ueU,

(i) upper mixed a-continuous (briefly U.M.aC) if for all xeX and for every Veoc with F(X)cV there exists
UeaO(X,t) containing x such that F(u)nV =& for every ueU,

(iv) upper mixed B-continuous (briefly U.M. BC) if for all xeX and for every Vec with F(X)cV there exists
UeBO(X,t) containing x such that F(u)nV =& for every ueU,

(v) upper mixed precontinuous (briefly U.M. preC) if for all xeX and for every Vec with F(X)cV there exists Ue
PO(X,t) containing x such that F(u)nV =& for every ueU,

Since every open set is a-open, B-open, b-open and preopen , it follows from the above definition that if F:(X,
1)—>(Y, o) is upper mixed continuous then it is upper mixed b-continuous, upper mixed o-continuous. upper mixed -
continuous and upper mixed precontinuous functions. Also every upper mixed continuous function is upper mixed
weakly continuous. Hence the Definition 2.1 is meaningful as the functions in the definition are the weaker forms of
upper mixed continuous functions.

Proposition 2.2 : F: (X, 1) (Y, o) is
(i) U.M.aC iff F* (V)< alnt F(V) for every Veo.
(i) U.M.preC iff F*(V)c pInt F (V) for every Veo.
(iii) U.M.BC iff F*(V)c BInt F (V) for every Veo.
(iv) U.M.bC iff F*(V)cblint F(V) for every Vea.
(v) UM.WC iff F(CIV)clInt F(CIV) for every Veo.

Proof: Suppose F: ( X, 1)~ (Y, o) is U.M.aC. Let xeF"(V) and Veo. Then F(x)c V. Since F is U.M.aC at X,
there exists UeaO(X,t) containing x such that F(u)nV =& for every ueU. This shows that ue F (V) for every ueU
that implies xeUc F (V). Since F*(V) c F(V), the above arguments show that every point of F*(V) is an a-interior
point of F~(V) that implies F*(V)c alnt F (V).
Conversely let F(V)c alnt F(V) for every Veo. Suppose F(X)c V and Veo. Then xe FF(V)c alnt F (V).
This implies that there exists UeaO(X,t) containing x such that xe UcF (V). This shows that ueF (V) for every ueU
that implies F(u)nV =& for every ueU. This proves that F is U.M.aC. The proof for (ii) ,(iii) and (iv) is similar.
Suppose F: ( X, 1) (Y, o) is UM.WC. Let xeF'(V) and Veo. Then F(X)cV. Since F is UUM.WC at x, there
exists Uet containing x such that F(u)NCIV =& for every ueU. This shows that ue F( CIV) for every ueU that
implies xeUc F(CIV ). Since F'(CIV) c F(CIV), the above arguments show that every point of F*(CIV) is an
interior point of F~(CIV) that implies F*(CIV)c Int F(CIV).
Conversely let F*(CIV)cInt F(CIV) for every Ves. Suppose F(X)cV and Veo. Then xe F'(V)c
F'(CIV)cInt F(CIV). This implies that there exists Uet containing x such that xeUc F(CIV). This shows that ue
F(CIV) for every ueU that implies F(u)n CIV = for every ueU. This proves that F is U.M.WC. This proves (v).

Proposition 2.3 : F: ( X, 1)—(Y, o) is
(i) U.M.aC iff aCIF (V)cF (V) for every closed set V in (Y, o).
(i) U.M.preC iff pCIF*(V)c F (V) for every closed set V in (Y, o).
(iii) U.M.BC iff BCIF*(V)c F (V) for every closed set V in (Y, o).
(iv) U.M.bC iff bCIF*(V)c F (V) for every closed set V in (Y, o).
(v) U.M.WC iff CI (F*( IntB)) c F( IntB) for every closed set B in (Y, o).

Proof: FisU.M.aC iff F'(Y\B)calnt F(Y\B) for every closed set B in (Y, o).

iff X\ F(B) calnt (X\ F'(B)) = X\aCl (F'(B))
iff aCl (F"(B)) — F(B) for every closed set B in (Y, o).
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This proves (i) and the proof for (ii) ,(iii) and (iv) is analog.

Fis UM.WC iff F*(CI (Y\B))c Int F( CI (Y\B)) for every closed set B in (Y, o).
iff F*((Y\IntB))< Int F~( (Y\IntB))
iff X\ F~(IntB) Int(X\F*(IntB))= X\CI F*(IntB)
iff Cl (F*(IntB)) c F(IntB) for every closed set B in (Y, o).

This proves (v).

Proposition 2.4 : If F:( X, 1) (Y, o) and G: ( X, 1) (Y, o) are U.M.aC. then FU G is U.M.aC. .

Proof: Suppose F: ( X, 1) (Y, o) and G: (X, 1) (Y, o) are U.M.aC. Let xeX and Veo with (FUG)(X)c V.
Then F(x)cV and G(x)cV. Since F:(X, 1)—(Y , ) and G:(X, 1)—>(Y , o) are U.M.aC at X, there are a-open sets U,
and U, in X such that F(x')nV = for every x'eU; and G(X'")nV = for every x”eU,. Then U = U;nU, is the
required o-open set satisfying (FUG)(U)NV=D for ueU.

Proposition 2.5 : If F:( X, t1)» (Y ,o)and G: ( X, 1)~ (Y , o) are U.M.WC. then FU G is U.M.WC.

Proof: Suppose F: ( X, 1)» (Y, o) and G: ( X, 1) (Y, 0) are UM.WC. Let xeX and Veo with (FUG)(X)c V.
Then F(x)cV and G(xX)cV. Since F:(X, 1)—>(Y , o) and G:(X, 1)—(Y , o) are UM.WC at x, there are open sets U,
and U, in X such that F(x')NCIV =z for every x'eU; and G(X')NCIV = for every x""eU,. Then U = U;nU, is the
required open set satisfying (FUG)(u)n CIV=D for ueU.

Proposition 2.6: Let G:(Y,0) » (Z,n) be U.C

(MIfF: (X, 1) (Y,0) isU.M.aC and then G°F: (X, 1) (Z,n) isU.M.aC .
@iNIf F: (X, )= (Y,0) is U.M.preC and then G°F: (X, 1) (Z,n) is U.M.preC .
@iinIf F: (X, )= (Y,o0) is U.M.BC and then G°F: (X, 1) (Z,n) is U.M.BC.
(IVIfF: (X, 1) (Y,0) isU.M.BCand then G°F: (X, 1) (Z,n) isU.M.BC.

Proof: Suppose F: (X, 1) (Y,0) is UM.aC and G:(Y,0) » (Z,n) is U.C. Let xeX and Ven with G°F(X)cV.
Then G(y) cV for every yeF(x). That is yeG*(V) for every ye F(x). Since G is U.C, G*(V) isopeninY. Clearly
F(X)=G'(V). Since F is U.M.aC, there is an a-open set U in X containing x such that F(u)n G*(V)=Q for every ueU.
That is G(F(u)n G*(V))=2 for every ue U that implies G(F(u))~ G(G*(V)))=@ for every ueU. This shows that
G(F(u))n V=& for every ue U that implies G°F is U.M.aC. The proof for (ii) ,(iii) and (iv) is similar.

Proposition 2.7: Let G:(Y,c) = (Z, 1) be U.C such that G(CIV) cCIG(V) for every open set V in (Y,c). Then if F:
(X, 1)~ (Y,0) isUM.WC and then G°F: (X, 1) (Z,n) is UM.WC

Proof: Suppose F: (X, 1)—(Y,0) is UMWC and G:(Y,5) » (Z, n) is U.C. Let xeX and Ven with G°F(X)cV.
Then G(y) cV for every yeF(x). That is yeG*(V) for every ye F(x). Since G is U.C, G'(V) isopeninY. Clearly
F(X)=G*(V). Since F is UM.WC, there is an open set U in X containing x such that F(u)nCI(G*(V) )= for every
ueU. Thatis G(F(u)n CI(G*(V) )= for every ueU that implies G(F(u))NG(CIG*(V)))=& for
every ueU.

Since G(CIV) cCIG(V) for every open set V in (Y,5) and since G*(V) is open in (Y,5) we have
G(F(u))NCI(G(G*(V)))=D that implies G(F(u))~ V= for every ue U This implies G°F is U.M.WC.
Proposition 2.8: If F:(X,t) » (Y, o) and G:(X,t)— (Z,n) are U.M. aC then FxG:(X,t) » (YxZ, oxn) is U.M.aC
where ox1| is the product topology on YxZ.

Proof: Suppose F:(X,r) » (Y, o) and G:(X,r) » (Z, n) are UM.aC. Let xe X, Vec and Wen with
F(X)xG(X)cVxW. Then F(x)cV and G(x)cW. Since Fand G sre U.M. aC at X, there are a-open sets U; and U, in X
containing x such that F(x")nV=Z for every X'e U; and G(X'")nW= for every x''e U,. Taking U = U;n U, we see
that (F(u)xG(u))n (VxW) = for every ueU. This shows that Fx G is U.M.o.C.

Proposition 2.9: If F: (X,71)—(Y, ) and G: (X,1)— (Z,n) are UM. WC then FxG: (X,t) » (YxZ, oxn) is U.M.
WC.
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Proof: Suppose F: (X,t) » (Y, o) and G: (X,1) » (Z,n) are UM. WC. Let xe X, Veoc and Wen with
F(X)xG(X)cVxW. Then F(X)cV and G(x)cW. Since F and G sre UM.WC at X, there are open sets U; and U, in X
containing x such that F(X")NCIV#Z for every X'e U; and G(X")NCIW=Z for every xX''e U,. Taking U = U;n U,
we see that (F(u)xG(u))n (VxW) = for every ueU. This shows that Fx G is U.M. WC.

I11. Weak forms of lower mixed continuous multifunctions
Definition 3.1: F:(X, 1) (Y, o) is
(i)lower mixed weakly continuous (L.M.WC) if for all xe X and for every Vec with F(X) NV = there exists
Uet containing x such that F(u) cCIV for every ueU,
(i) lower mixed b-continuous (L.M.bC) if for all xeX and for every Veo with F(X)nV = there exists a b-open set
in (X,t) containing x such that F(u) <V for every ueU,
(iii) lower mixed a-continuous (L.M.aC) if for all xeX and for every Veo with F(x) NV #J there exists an a-open
set Uin (X,t) containing x such that F(u) cV for every ueU,
(iv) lower mixed B-continuous (L.M. BC) if for all xeX and for every Vec with F(x)cV there exists a [-open set
U in (X,t) containing x such that F(u) cV for every ueU,
(v) lower mixed precontinuous (U.M. preC) if for all xeX and for every Vec with F(X) NV #Z there exists a
preopen set U in (X,t) containing x such that F(u)cV for every ueU.

Since every open set is o-open, B-open, b-open and preopen, it follows from the above definition that if F:(X, ©)-»
(Y, o) is lower mixed continuous then it is lower mixed b-continuous, lower mixed o-continuous, lower mixed [3-
continuous and lower mixed precontinuous functions. Also every lower mixed continuous function is lower mixed
weakly continuous. Hence the Definition 3.1 is meaningful as the functions in the definition are the weaker forms of
lower mixed continuous functions.

Proposition 3.2: F: (X, 1)~ (Y, 0) is

(i) L.M.aC iff F*(V) = F (V) is a-open in ( X, 1) for every open set V in (Y, o).

(i) L.M.preC iff F*(V)=F (V) is preopen in (X, 1) for every open set V in (Y, o).

(iii) L.M.BC iff F*(V) = F (V) is B-closed in ( X, t) for every opent V in (Y, o).

(iv) L.M.bC iff F*(V) = F (V) is b-open in ( X, 1) for every open set V in (Y, o).

(v) LM.WC iff F(V)cF(CIV)c F(CIV) and F*(CIV) is open in (X, t) for Veo.

Proof: Suppose F: ( X, 1) (Y, o) is LM.aC. Letxe F (V) and Veo. Then F(X)nV #J. Since F is L.M.aC at x,

there exists UeaO(X,t) containing x such that F(u) <V for every ueU. This shows that ueF*(V) for every ueU that

implies xeUcF' (V) that implies F~(V) cF*(V). Since F'(V) < F(V), it follows that F (V)= F*(V) is a-open in ( X, 7).
Conversely let F*(V)= F (V) be a-open in ( X, 1) for every Vec. Suppose F(X)NV #J. and Veo. Then xe

F'(V)= F (V). This implies that there exists UeaO(X,t) containing x such that xe UcF (V)= F*(V). This shows that

ueF*(V) for every ueU that implies F(u) cV for every ueU. This proves that Fis L.M.aC. The proof for (ii) ,(iii)

and (iv) is similar.

Suppose F: ( X, 1) (Y, o) is LM.WC. Let xeF (V) and Veo. Then F(X)nV =d. Since F is LM.WC at x,
there exists Uet containing x such that F(u) cCIV for every ueU. This shows that ueF*(CIV) for every ueU that
implies xeUcF'(CIV) that implies F~(V) cF*(CIV) c F(CIV) and F*(CIV) is open in ( X, 7).

Conversely let F (V) cF(CIV) ¢ F(CIV) and F*(CIV) is open in ( X, 1) for every Vec. Suppose F(X)nV
#@ and Veo. Then xeF (V)cF'(CIV). Since F'(CIV) is open in (X, 1) there exists Uet containing x such that
xeUcF*(CIV). This shows that ueF*(CIV) for every ueU that implies F(u) cCIV for every ueU. This proves that F
is L.M.WC. This proves (v).

Proposition 3.3: F: (X, 1) (Y, 0)is
(i) L.M.aC iff F'(B) = F(B) is a-closed in (X, 1) for every closed set B in (Y, o).
(ii) L.M.preC iff F*(B)=F (B) is preclosed in (X,t) for every closed set B in (Y, ).
(iii)F is L.M.BC iff F'(B) = F (B) is B-closed in ( X, t) for every closed set B in (Y, o).
(iv)F is L.M.bC iff F'(B) = F (B) is b-closed in ( X, t) for every closed set B in (Y, o).
(V)F is LM.WC iff F*(B)o F (IntB) oF (IntB) and F~(IntB) is closed in (X, t) for every closed set B in (Y, o).
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Proof: FisL.M.aC iff F'(Y\B)=F (Y\B) is a-open in ( X, t) for every closed set B in (Y, ) iff X\ F(B) =X\ F'(B)
is a-open in ( X, t) for every closed set B in (Y, o)

iff F (B)=F"(B) is a-closed in (X, 1) for every closed set B in (Y, c)

This proves (i) and the proof for (ii) ,(iii) and (iv) is analog.

F is L.M.WC iff F (Y\B)cF'(CI(Y\B))cF (CI(Y\B)) and F*(CI(Y\B)) is open in (X, 1) for every closed set B in (Y, o)
iff X\F*(B)cF ((Y\IntB))cF ((Y\IntB)) and F*((Y\IntB)) is open in (X, 1) for every closed set B in (Y, o) iff
X\F*(B)=X\ F (IntB)c=X\F'(IntB) and X\ F~ (IntB) is open in (X, ) for every closed set B in (Y, o) iff F'(B)oF (IntB)
OF(IntB) and F (IntB) is closed in (X, t) for every closed set B in (Y, o). This proves (v).

Proposition 3.4 : If F:( X, 1) (Y, o) and G: (X, 1) (Y, o) are L.M.aC then FU G is L.M.aC.

Proof: Suppose F: ( X, 1) (Y ,0) and G: ( X, 1) (Y, o) are L.M.aC. Let xeX and Veo with (FUG)(X)NV=D.
Then F(X)NV=D or GX)NV=J. If F(X)NV=J then there is an a-open set U; in X such that F(x)cV for every
x'eU;. If G(X)NV=D then there is an a-open set U, in X such that G(x"")cV for every X" eU,. Then U = U;nU,
is the required a-open set satisfying (FUG)(u)c V for ueU. This shows the proposition .

Proposition 3.5: If F:( X, 1)» (Y ,o)and G: ( X, 1) (Y, o) are L.M.WC. then FU G is L.M.WC.

Proof: Suppose F: ( X, 1) (Y, o) and G: ( X, 1) (Y, o) are LM.WC. Let xeX and Veo with (FUG)(X)NV=J.
Then F(X)NV=D or G(X)NV=D. If F(x)nV=J then there is an open set U; in X such that F(x')cV for every X' eU; .
If G(X)NV=J then there is an open set U, in X such that G(x')cV for every x"eU,. Then U = U;nU, is the
required open set satisfying (FUG)(u)c V for ueU. This shows the proposition .

Proposition 3.6: Let G:(Y,0) - (Z, n) be L.C such that G(G (V))) = V. Then
(MIf F: (X, 1) (Y,0) isL.M.aC and then G°F: (X, 1) (Z,n) is L.M.aC .
@iNIf F: (X, )= (Y,0) is L.M.preC and then G°F: (X, 1) (Z,n) is L.M.preC .
@iiIf F: (X, )= (Y,o0) is L.M.BC and then G°F: (X, 1) (Z,n) is L.M.BC.
(VIfF: (X, 1) (Y,0) is L.M.BC and then G°F: (X, t)» (Z, 1) is L.M.BC.

Proof: Suppose F: (X, ©)-» (Y,0) isL.M.aC and G:(Y,0) » (Z,n) is L.C. Let xeX and Ven with G(F(X))NV=J
Then G(y)nV=Z for every some yeF(x). Fix this y. Then ye G™(V) for every yeF(x). Since G is L.C, G (V) is
openinY. Clearly F(x) n G (V) #J. Since F is L.M.aC, there is an a-open set U in X containing x such that F(u)m
G (V)= for every ueU. That is G(F(u)n G (V)=Z for every ue U that implies G(F(u))n G(G™(V)))= for every
ueU. Since G(G (V)))=V, it follows that G(F(u))n V=& for every ue U that implies G°F is L.M.a.C. The proof for
(i) ,(iii) and (iv) is similar.

Proposition 3.7: Let G:(Y,0)— (Z, n) be L.C such that G(CIV) cCIG(V) and G(G (V)))=V for every open set V in
(Y,0). Thenif F: (X, 1) (Y,0) isL.MWC and then G°F: (X, 1) (Z,n) is LM.WC

Proof: Suppose F: (X, 1)= (Y,0) is LMWC and G:(Y,c) » (Z, n) is L.C such that G(CIV) <CIG(V) and
G(G(V)))=V for every open set V in (Y,0). Let xeX and Ven with G(F(X))"V=Z Then G(y)nV=J for every
some yeF(x). Fix thisy. Then yeG7(V). Since G is L.C, G (V) isopenin Y. Clearly F(x) n G (V) #J. Since F is
L.M.WC, there is an open set U in X containing x such that F(u)nCl G™ (V)= for every ueU. That is G(F(u)n
CIG (V)= for every ue U that implies G(F(u))n G(CIG (V)22 for every ueU. Since G(CIV) cCIG(V),
G(F(u))n CI (G(G (V)= for every ueU. Again since G(G (V)))=V, it follows that G(F(u))~ Cl V=& for every
ueU that implies G°F is L.M.WC.

Proposition 3.8: If F: (X,1) » (Y, c) and G: (X,1) » (Z,n) are L.M. aC then FxG: (X,1) » (YxZ, oxn) is L.M.
aC where oxn is the product topology on Y xZ.

Proof: Suppose F: (X,1) > (Y, o) and G: (X,1) » (Z,n) are LM. aC. Let xeX, Veo and Wen with (F(X)xG(X))
N(VxW) #J. Then F(x) "V = and G(x) "W =. Since Fand G are L.M. oC at x, there are o-open sets U; and U,
in X containing x such that F(x")cV for every x'e U; and G(x")cW for every x" e U,. Taking U = U;n U, we see
that (F(u)xG(u))c (VxW) for every ueU. This shows that FxG is L.M. aC.
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Proposition 3.9: If F: (X,1) - (Y, o) and G: (X,t) - (Z,n) are L.M. WC then FxG: (X,t) » (YxZ, oxn) is L.M.
WC.

Proof: Suppose F: (X,7) » (Y, o) and G: (X,1) = (Z,n) are LM. WC. Let xeX,Veoc and Wen with (F(X)xG(x))
N(VxW) . Then F(X) NV = and G(x) "W =J. Since F and G are L.M. WC at x, there are pen sets U; and U, in
X containing x such that F(x")cCIV for every x'e U; and G(x"")cCIW for every X"’ e U,. Taking U = U;n U, we see
that (F(u)xG(u))< CI(VxW) for every ueU. This shows that FxG is L.M. WC.

Proposition 3.10:
UC = U.oaC = UpreC = UbC. = U.BC

) ) i i i
L.M.C = L.M.aC = L.M.preC= L.M.bC. = LM.C
U U U U U
U.M.C = U.M.aC = U.M.preC= U.M.bC. = U.M.C.
i i i i i

LC = LoC = LpreC = LbC. =U.BC

Proof:
The implications L.M.C = L.M.aC = L.M.preC= L.M.bC. = L.M.BC. follow from Definition 3.1. and from the
chain: open set =a-open set= preopen set =b-open set=f-open set. Also the implications U.M.C = U.M.aC =
U.M.preC= U.M.bC. =U.M.BC follow from Definition 2.1 and from the above chain.
Let F: ( X, 1) (Y, o) be lower mixed a-continuous. Suppose F(X)c V and Veo. Since F(x) 28, F(X)NV =J.
Since F is L.M.aC, there exists UeaO(X,t) containing x such that F(U) <V. This implies F(u)cV for every ueU
that further implies that F(u)nV =& for every ueU. This shows that F is U.M.aC. This proves that L.M.aC=
U.M.aC. Similarly we can establish that L.M.preC= U.M.preC, L.M. bC= U.M. bC and L.M. C= U.M. BC.
Suppose F is L.M.aC. Let xeX and Veo with F(X)cV. Then F(x)nV #. Since F is L.M.aC at x, there isan
UeaO(X,t) containing x such that F(U)cV. This shows that F is U.aC. This proves L.M.aC = U.aC . Now
Suppose F is L.aC. Let xeX and Veoc with F(X)c V that implies F(X)nV #J. Since F is L.aC, there is an
UeaO(X,t) containing x such that F(u) NV = for every ueU. This proves that F is U.M.aC. This proves L.aC =
U.M.oC. The other implications can be similarly established.
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