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ABSTRACT: Making use of a differential operator, we introduce a new subclass T(4, 8, m,n,p,j) of multivalent
analytic functions in the open unit dick U. We study coefficient inequality, radii of close-to-convexity, starlikeness and
convexity, integral mean for functions belonging to the defined class are obtained and we discuss some classes

preserving integral operators.
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ILINTRODUCTION

Let W (p,j) be the class of all functions of the form:

f(z) =2z + z az, (k=j+p; pjeEN={12.1}),
k=j+p

which are analytic and multivalent in the open unit disk U = {z € C: |z] < 1}.

Let T'(p, j) denote the subclass of W (p, j) containing of functions of the form:

F@ =2+ ) @t (@20 k2j+ppjeN=(12.),
k=j+p
which are analytic and multivalent in the open unit disk U.
If f € T(p,j)isgivenby (2) and g € T(p,j) given by

g9(z) = zF + Z byzk, (k=j+p; pjeEN={12.D,
k=j+p
then the Hadamard product (or convolution) f * g of f and g is defined by

FeD@ =2+ ) abz =g+
k=j+p
A function f € T(p, j) is said to be p-valently starlike of order p if
Re{zf(z)}>p 0<p<p; z€el)
f(@) ' B ' '

A function f € T(p, ) is said to be p-valently convex of order p if

Re{1+M}>p 0<sp<p; zel)
[ =7 FEpPspEsts
It follows from expression (5), (6) that f(2) is convex if and only if zf (z2) is starlike.
A function f € T(p, ) is close-to-convex of order p if

f @

Re
zp-1

}>p, (0<p<p; zel).

For a function f(z) in the class T (p, j), Aouf and Mostafa [2] defined the differential operatorD;: T'(p, j) —

T(p,j), where
DYf(2) = f(2),

Dif(z) = D,f(2) = %f'(Z).
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D3f(2) = D (D,f(2)),
D}f(z) =D (D" 1f(z) =zP + Z ( ) a,z", (n € Ny = NuU {0}).

k=j+p
For p = j = 1, the differential operator D™ was introduced by Salagean [8].

Definition (1): A function f € T(p,j) is said to be in the class T (4, 8, m,n, p, ) if and only if
(1 -z (D;; f@) +2z (D;;+m f(z))
- (Dpf@) +a(bpmf(2)
where 0 <A1<1,0<B<1,(mneNy),(m,pjeN)andz € U.
Some of the following properties studied for other classes in [1,3,4,5]

Il. COEFFICIENT INEQUALITY

In the following theorem, we obtain the necessary and sufficient condition to be the function f in the
classT(4,8,m,n,p,j).
Theorem (1): Let f € T(p, j). Then the function f € T(4, 8, m, n, p,j) if and only if

Z <k) (k—p-— ﬁ)(1+/1(];)m—/1)akSpﬂ,

k=j+p
where 0 <A1<1,0<B<1,(mneNy),(m,pjeN)andz € U.
The result is sharp for the function
pB P

f(z) =2 + 0 o z%, (k=j+p).
k k
k(ﬁ) (k—p—,l?)(1+/1(5) —A)
Proof: Suppose that the inequality (9) holds true and |z| = 1.
Then, we have

|-z (D) +Az(D"+’"f(Z)) —(p—l)(l—A)(D"f(z)) —2p - (03 (2) |
—p|a-»(0pr@) +2(0p @) |
|3 s B () |- 5l (1)
Z Je(k — p)( ) (1 +/1( ) —/1>ak|z|k P —pB— B Z (l;)n <1+A<§)m—l>ak|z|k‘p
ke=j+ k=j+p
= Z (';) (—p- ﬁ)(lu(k)m—z)ak—pﬁso,
bykhzyi;gthe5|s.

Hence, by maximum modulus principle, f € T(4, 8, m,n,p, ).
Conversely, Suppose that f € T(4, 5, m,n,p,j). Then from (8), we have

(1 -z (Dpf() +2z(Dpmf(2))
-2 (ppf@) +2(bpmf(2))
(1-Dz(D}f@) +2z(Dp*"f@) ~@~1) ((1 -0 (0pf@) +a(Dp @) )

n

-p-1

-2 (0pf() +2(Dpm @)
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B Yk=j+p k(k —p) (g)n <1 +4 (g)m /1) a,z"P

P+I L,k (E) (1 N A(ﬁ)’" _,1> .27

p p
Since Re(z) < |z| for all z, we have
o k\" ™
iy k(k = p) (5) (1 +1 (5) A) a,z*?
- k" k™ e
p+2k=j+pk(z_)) (1+A(E) —/‘l) apz (4
If we choose z on the real axis and let z —» 17, then
o k" N
Z k(—) (k—p—p) 1+/1(—) ~2)a, <pp.
el p p
Finally, sharpness follows if we take

<B.

<B.

f(z) =27 + - Pp z¢, (k>=j+p; p,jeEN).

k(g) (k—p—p) (1 +,1(§)m —A)
Corollary (1): Let f € T(4,8,m,n,p,j). Then

pB . .
a, < — - , (k=j+p; pjeEN). (11)

k(%) (k—p—ﬁ)(1+/1(%) -2)

I11. Radii of close-to-convexity, star likeness and convexity.

Using the inequalities (5), (6), (7) and Theorem (1), we can compute the radii of close-to-convexity, starlikeness and
convexity.
Theorem (2): Let a function f € T(4, 8, m,n,p, ). Then f is p-valently close- to-convex of order p (0 < p < p) in the

disk |z| < ry, where
1

ky\" k™ k=p
-0 () C-p-p(1+2(3) -2
pB
The result is sharp, with the extermal function f given by (10).
Proof: It is sufficient to show that
f @

zP—
for |z| <r (4,8, m,n,p,j,p), we have that

(4,8, mmnp,j,p) = inf , (k=j+p; pj € N).

—’p|<p p (0<p<p),

(Z) | Z kay ||

k=j+p
Thus )
f ()
= —p| <p-p
if
o kaylzl*P
Z —— <1 (12)
e a4
=j+tp
Hence, by Theorem (1), (12) will be true if
" ™
K (k—p—ﬁ)(1+,1 K —/1)
2]k < &) &) :
»-p) pB

and hence
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w-n ") G-p-p(1+a(E) 1))
174 ’

|z| <

(k=j+p; pjeEN).

Setting |z| = r;, we get the desired result.
Theorem (3): Let f € T(A,8,m,n,p,j). Then f is p-valently starlike of order p (0 < p < p) in the disk |z| <,

where
1

k(p—p)(f—,)n (k—p—ﬁ)<1+/1(f—,)m—/1) o
pB (k= p)

rZ(A’ﬁ’m’n’p!j!p) zlilf 4 (k2]+p’ p’J € N)

The result is sharp for the function f given by (10).
Proof: It is sufficient to show that

zf (2)
f(@)

2@ ‘ _ Ltk — Pl

—p| sp—p (Osp<p),
for |Z| < rz(l’ﬁ’m’n’p!j!p)r we have

f@ 1%, alzfF?
Thus ,
fo(—g) - p‘ sp—-p
if
(k —P) k—
L —(p =) ailz|*?P < 1. (13)
Hence, by Theorem (1), (13) will be true if
ky\" k™
(k=p)) iy o k() k-p-p(1+2(5) -2
(—p) B 174 '
and hence
1
k" k™ k=p
kp-p)(5) G-p-p(1+2(5) -2)
p p S
|z| < B = p) , (kzj+p; pj€EN).

Setting |z| = r,, we get the desired result.
Theorem (4): Let f € T(A,8,m,n,p,j). Then f is p-valently convex of order p (0 < p < p) in the disk |z| < 13,
where

w-n ) w-p-p(1+2(E) -2

P
B (k—p)

The result is sharp with the extermal function f given by (10).
Proof: it is sufficient to show that }
zf (2)

f'@

2#'() _ p‘ _ Tty k(k = Py |27
@ PI= oY kald

rg(/l,ﬁ,m,n,p.j.p)=ig(1f , (k=j+p; pj € N).

|1+ —p|Sp—p O0<p<p)

for |z| < r3(4, B,m,n,p,j,p), we have

1+

Thus
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zf (2)
|1+ @ —p| Sp—p
if
N M k=p <1 14
k;pp(p—p)a"lzl =t 14
Hence, by Theorem (1), (14) will be true if
k\" ™
«-n &) k=p-p(1+1(5) -2)
—|z|"P < ,
(»-p) B
and hence

1
- &) w-p-p(1+2(5) -2))""
F—p)

lz] <

, (k=j+p; pj € N).

Setting |z| = r3, we get the desired result.

IV. INTEGRAL MEANS

Definition (2)[7]: Let f, g be analytic in U. Then f is said to be subordinate to g, written f < g, if there exists a
schwarz function w(z) , which is analytic in U , with w(0)=0 and |w(z)|<1(z€U) such that
f(z) = g(w(z)), (z € U). In particular, if the function g is univalent in U we have the following:
f(z) < g(z)(z € U)ifand only if f(0) = g(0) and f(U) < g(U).
In1925, Littlewood [6] proved the following subordination result which will be required in our present investigation.
Lemma(1)[6]: If f and g are analytic in U with f < g, then

2m

27T
Frei®H| ao < | |g(re®)|" as, (15)
[ Irare]
0 0

wherep >0, z=re? and (0 <r < 1).
Applying Theorem (1) and Lemma (1), we prove the following:
Theorem (5): Letu > 0. If f € T(A4, 8, m,n,p,j) and suppose that f; is defined by

B
@ =2+ —— 2 -
T s er-n (1+a() )

p
If there exists an analytic function w defined by

s(%) (s—p—ﬁ)(1+/1(%) —A) i w b,

z5,(s=j+p; pj€EN).

w(2) " =
(W) b &
, =j+p
Then, for z = re’? and (0 < r < 1),
21 2m
[r@ran < [ ir@ras, > o (16)
0 0
Proof: We must show that
2m I K 2m K
f 1+ Z a2 | do sf 14— ph Y 7
] s(3) G-p-p(1+2(3) -2)
0 =] TP 0 P D

By applying Lemma (1), it suffices to show that
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[oe]

1+ kP <14 —— Ph _ s,
2,07 N Y PR T
Set .
1+ p 14— P . @)
D 310
We find that

@) 6r-n (A ) ¢

p k—p
a,z*?,
B Z «

k=j+p

w@) " =

which readily yield w(0) = 0.
Furthermore using (9), we obtain

S 6p-p (A ) ¢

W@l = |2 3 Dk
k=j+p
o (K k_ o k™ _
< |z Z k(p) v i)ﬁ(lJrl(p) A)a,{ <zl < 1.
k=j+p

Next, the proof for the first derivative.
Theorem (6): Letu > 0.1f f € T(A, 8,m,n,p,j) and

B
@ =2+ — £ =
T s e e-n (1+4()-9)

p
Then for z =re® and (0 < r < 1),

z%, (s=j+p;pj€EN).

2n 2n
[ @ra<|if@rae,  w>o0.a7
0 0

Proof: It is sufficient to show that

1+ —azF P <1+ = z57P,
k;p” k E) s-p-m(1+2(5) -2

P
N's-p-p+2(2) -21) &
lw(2)|*? = (P) S /3( (P> )k;pgakzk—p

k\" k™
| e «G) (k—p—ﬁ)(1+l(5) —/1)
< |zl 2 5 a| <lz| < 1.
k=j+p p
The following theorem discuss the subordination conditionto f * g
Theorem (7): Let g of the form (3) and f € T(4, B, m, n, p, j) be of the form (2) and let for some s € N,
s . Qk

n-—,
bS k>j+p bk

This follows because

where

m

k(%)n(k—p—ﬁ)(ua(g) —/1)'

Qx =
p
Also, let for such s € N, the functions f; and g, be defined respectively by
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fi(2) =2z + Pp zs

NS A CRSTC e o

gs(z) = zP + byz°. (18)
If there exists an analytic function w defined by

SY' (o — ) — S\ _ o
Qe pief ) s

w@) " =

k=j+p

then , for u > 0and z = re?® and (0 < r < 1),

21 21
fl(f*g)(z)lﬂde sf I(f, * g (@18, (u> 0).
0

0
Proof: convolution of f and g is defined as:

F D@ =2+ ) ab.

k=j+p

(fx g)(@) = 2" + PBb; 2.

G 6=r-n (14 )

To prove the theorem, we must show that for z > 0 and z = re’® and (0 < r < 1),

Similarly, from (18), we obtain

2 w s 2
1+ Z by zkP desj 14— PEbs _ s do.
of S Vs e—r-m (2@ -2

Thus, by applying Lemma (1), it would suffice to show that

1+ b2k P < 1+ ——— PEb, _ s, (19)
2, & c-p-m (12 )

If the subordination (19) true, then there exists an analytic function w with w(0) = 0 and |w(z)| < 1 such that

e pB by .
1+Zakbkz P=1+ o NG (w(z))s7P.
k=] +p 5(5) (S—P_ﬁ)(l‘i‘ﬂ(ﬁ) —/1>
From the hypothesis of the theorem, there exists an analytic function w given by
s(%) (s—p—ﬁ)(1+/1(%> —/1) e
W) = > ezt
PBDs &
which readily yield w(0) = 0. Thus for such function w, using the hypothesis in the coefficient inequality for the class

T(A, B, m,n,p,j), we get
() e r-n () ) <

S— p k—
lw(2)|*7? = aybyz"?
pBbs St
F6 emr-mOa@) -9 ¢
<|z) Z ayb,| < |z| <1
11 o ebi| < I2]

k=j+p
Therefore, the subordination (19) holds true.

Now , we discuss the integral means inequalities for f € T(A, 8, m,n, p,j) and h defined by
h(z) = zP + byz® + by;_, 277, (by = 0,5 =j+p). (20)
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Theorem (8): Let f € T(4, 8, m,n,p,j) and h given by (20).
If f satisfies

[ee]

D @b, —by (b <buy), 21
k=j+p
and there exists an analytic function w such that

[oe]

bZS—p (W(Z))Z(S_p) + bs(W(Z))S_p - Z aka_p =0.

) k=j+p
Then, for z = re® and (0 <r<1),
f f()lndo < J Ih(z)“d6,  (u>0).
Proof: By putting z = re“’ o<r< 1) we see that
oo H 2m oo

f If )|+ d6 =f e Z a 7% do = ren f 14 Z a, 77| do

0 0 k=j+p 0 k=j+p
and

2n 2m 2m

flh(z)l"d@ f|z” + byz® + by, ,z>57P|"dg = rP# j |1+ bz + by,_,z226~P|" do.
Applying Lemma (1), we have to show that
1+ Z ayz" P < 14 byzSP + by,_,z2C7P),

k=j+p
Let us define the function w by

1+ Z az" P =1+b (W(Z))s Py bys—p (w(z ))Z(S P)
or by o
bys—, (W(Z))Z(s_p) + bs(w(z))s_p — Z a,z¥ P = 0. (22)

k=j+p
Since for z = 0, (w(0))" " {bas—, (W(0))" " + by} = 0.
There exists an analytic function w in U such that w(0) = 0.
Next, we prove the analytic function w satisfies |w(z)| < 1, (z € U) for the condition (21). By (22), we know that,

[oe] fee]

|b25_p(w(z))2(s_p)+bs(w(z))s_p| = Z a,zF 7P| < Z a.
k=j+p k=j+p
For z € U, hence
basp W@PED = b w@I? = > @ <. (23)
k=j+p

Letting t = |w(2)|°7P(t = 0) in (23), we define the function G (t) by

G(t) = bys_pt* — byt — Z ay.
k=j+p
If G(1) = 0, then we have t < 1 for G(t) < 0. Indeed we have

G(1) = by, — by — Z a = 0.
k=j+p

Thatis ¥4, ax < bys_, — bs.

=j+p
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V. Classes of Preserving Integral Operators

Theorem (9): Let f(z) € T(4, 8, m,n,p,j) be defined by (2) and c be any real number such that ¢ > —p, then the
integral operator

z

+p
c

G(z) = sS71f(s)ds, c>—p (24)
also belongsto T (4, 8, m,n,p, j).
Proof: By virtue of (24) it follows from (2) that

[e.]

zZ [}
c+ c+
G(z) = pfs”_l sP + z a,sk |lds = Zcpf spre1 4 Z a, skte=1 | ds

k=j+p 0 k=j+p
p+2(c+p) ”+Zh vere b = (57)
=7z ct Kk akz =Z kZ where n, = Tk aj

k=j+p k=j+p

=2+ Z hy, z* where h —(C+p)

=7z ' kZ where n, = ctk aj

k=j+p
But
i k(k)n (k ﬂ)(l +A(k>m A)h i k(k)n (k ﬁ)<1+,1<k)m ,1> (C+p)
— -p— o = — -p- -] - aj,.

ATRRY P p S AN P p c+k)H
=j+p k=j+p

Since ( ) < 1 and by (9) the last expression is less than or equal pp, so the proof is complete.

Theorem (10): Let c € R (¢ > —p) if G(2) € T(A, B, m,n,p, j), then the function f(z) defined by (24), is p-valent in

|z] < 7, where
1

ky\" k™ k=p
€+n)(5) G-p-p(1+2(5) -2)
= inf 2
= B (c+k ’ (25)
the result is sharp.
Proof: Let G(z) = 28 + %74 by 2 =2 [7 571 f (s)ds 5o
c+k
f@) =20+ Z Gp)me e>-n
, k=j+p
Thus it is enough to show that |% - p| <p, |z| <r.But
f (z)_ | <C+k)h Jk-p
zP P c+p) " ’
k—J P
then
o kc+k
Z —(C )hk lz]FP < 1. (26)
— p\C+p
k=j+p

Since G(z) € T(4, B, m,n,p,j) by (9) we have

i k(%)n(k—p—ﬁ)<1+,1(§)m—,1>

pB

kY e —p— k\™ _
ot
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or
1
ky\" k™ k=p
(c+p)(5) (k—p—[s’)<1+/1(5) —A)
< ] k 2 j ; ’ j e N
|z| < e (kzj+pipjeEN)
and this proves the result. Sharpness of this theorem follows if we put
pB(c+k) . . .
f(z) =27 + G G z", (k=j+p;pjeEN). 27)
k() k=p-p(1+2(5) —2)C+p)
Theorem (12): Let f(z) € T(A4, B, m,n,p, ), then the integral operator
i) — , f(s)
V(2 =A-y)zP +yp Tds (y=0, zel), (28)
. 0
isalsoinT(A, B, m,n,p,j)if 0<y< ’%.
Proof: If f(z) = z” + ¥i_;., a; z*, then
F(sP+ Y a st 1 - a
Fy(z)=(1—y)zp+ypf< ZkSHp u )ds =1 -y)zP +yp| =2 + Z ?kz"
0 P k=j+p
=zP + Z ];c—pakz" =zP + Z 9i 75,
k=j+p k=j+p

whereg, = "> a,.But

> e ap-p (1025 2)a - z

k=j+p k=j
Sog;pk(_) (k—p—ﬁ)(1+/1(5> - )j’:rpp )
< k <§>" k-p-p) <1 + 2 (—)m - /1) a <since j}-/Fpp < 1) < pp.

So the proof is complete.
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