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ABSTRACT: Data in general and numerical data in particular carry various characteristics which are to be
measured. It has been found that average is a basis of mathematical measures of central tendency of data. Here
attempt has been made on establishing the fact that average is also a basis of mathematical measures of dispersion of
data. The derivation/justification of average as a basis of measures of dispersion of data has been presented in this
article.
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. INTRODUCTION

Average [2, 20, 52], a commonly speaking term, is a concept which refers to an aggregate but not to individual while
averaging is a popular technique of describing/representing a significance/ characteristic of an
aggregate/population/class of individuals overall by a single entity. An average is a single number taken as
representative of a non-empty list of numbers (including a large set of numbers). He is Pythagoras [3 , 48 , 55] who is
the pioneer of defining average and formulating its measure. He defined the three most common averages namely
arithmetic mean, geometric mean and harmonic mean which were given the name “Pythagorean Means” [4, 6, 7 , 19]
as a mark of honour to him. Later on, a number of definitions / formulations of average had been derived due to
necessity of handling different situations. Some of them are quadratic mean or root mean square, square root mean ,
cubic mean, cube root mean, generalized p mean & generalized p™ root mean etc. in addition to Arithmetic Mean ,
Geometric Mean & Harmonic Mean [8 , 10, 51]. The next attempt was towards the development of generalized
definitions/formulations of average. In this respect, three generalized definitions of average had been developed which
are Generalized f - Mean [10, 11], Generalized fy — Mean [12] & Generalized fz — Mean [13, 15]. In another studies,
one general method had been identified for defining average of a set of values of a variable as well as a generalized
method of defining averag e of a function of a set (or of a list) of values [13, 15, 16, 23]. Recently, four formulations
of average have been derived from the three Pythagorean means which are Arithmetic-Geometric Mean, Arithmetic-
Harmonic Mean, Geometric-Harmonic Mean and Arithmetic-Geometric-Harmonic respectively [5, 31, 32, 49, 50].

However, data in general and numerical data in particular carry various characteristics like central tendency, dispersion
etc. [1,3,9,33,53,54,56,57] which are to be measured. The three Pythagorean means along with the four
formulations derived from them are mathematical measures of central tendency of data. [1, 21 — 30, 33 - 47, 53, 57]
which implies that average is a basis of mathematical measures of central tendency of data. Here attempt has been
made on establishing that average is also a basis of mathematical measures of dispersion of data. The derive
ation/justification of average as a basis of measures of dispersion of data has been presented in this article.

Il. PYTHAGOREAN MEANS AND MEASURES OF AVERAGE OBTAINED FROM
THEM

Let us consider a list of n numbers or values namely
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X1 1X9, cenenens , Xn
Arithmetic Mean of them is calculated by
1
- (X1 F X2+ e et ee e T X))
Geometric Mean of them is calculated by
1
(X1, Xg ) eeeeey X)) Y™

or equivalently by
antilog {%(log x1 +logxy+ oo +log x,)}

provided the n numbers are strictly positive.

Harmonic Mean of them is calculated by

provided the n numbers are non-zero.

Arithmetic-Geometric Mean, Arithmetic-Harmonic Mean, Geometric-Harmonic Mean & Arithmetic-Geometric-
Harmonic Mean are the four formulations of average that have been derived from the three Pythagorean means.

Let Qo , go & hg be respectively the Arithmetic Mean, the Geometric Mean & the Harmonic Mean of the n
numbers (or values or observations)

Then Arithmetic-Geometric Mean, Arithmetic-Harmonic Mean, Geometric-Harmonic Mean & Arithmetic-Geometric-
Harmonic Mean of them are defined as follows:

Avrithmetic-Geometric Mean of X1 , X5, ........ , Xy isthe common point (value) of convergence of the two
sequences

{an}&{gn}
defined by

dn+1 = %) (an+gn)

— 1/2
& In+1— (angn)
respectively where the square root takes the principal value .
Avrithmetic--Harmonic Mean of X4 , X5, ........ , Xn is the common point (value) of convergence of the two the

two sequences {a/n } & { Wn } defined respectively by
ah+1= Y( aln + h/n) & hhi1= Ya( ahl o+ h/n_l)}_1

where ao=ay, go=go & hn=h,.
Geometric-Harmonic Mean of X4 , X5, ........ , Xp, isthe common point (value) of convergence of the two
sequences {g”n} & {h//n} defined respectively by

g//n+1 - (g//n ) h//n )1/2

& W1 = {4 g//n—l + h!1 )}—1

with dlo=a,, gh=g, & h'h=h,
where the square cube takes the principal value.
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Arithmetic-Geometric-Harmonic Mean of x4 , X3, ........ , Xp isthe common point (value) of convergence of
the
three sequences {a’/n} , { g"n} & {hx} defined respectively by

al .1 = 1/3 (a///n + g”’n + h/”n) ’

g’”n 41 = (a///n g”’n h///n)1/3

& h/”n+1 {1/3 (a///n—l + g///n—l + h///n— 1)} -1

with a’o=a, , g”’o =g, & pilt, = h,
where the cube root takes the principal value.

I11. AVERAGE AS A BASIS OF MEASURES OF DISPERSION

In order to examine the role of average in measures of dispersion of data let us first consider the average of a function
of variable.

Let &(x) be afunction of X.

Then &(x) assumes the values
E(x1),E(x3) ) vun e e, E(x)
corresponding to the values X4 , X, ...u.... , Xy assumed by X.

In this case, arithmetic Mean of the function &(x) is given by
Y E(x)
Similarly, geometric Mean of the function & (x) is given by
[Ty €G]
Also, harmonic Mean of the function & (x) is given by

1
1T on 1

n =1 g(x))

Raw Moment (about origin)
Suppose, the arithmetic mean of X i.e. of the values
X1 3 X ) wenernns , Xn

is a.

Letusput  &(x) = X"

Then the arithmetic mean of &(x) is given by
n

12
n 4 i
i=1

This is nothing but the raw moment of X of order I about origin.
Thus, the raw moment of X of order I about origin can be defined as the arithmetic mean of X"
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Factorial Raw Moment (about origin)
Letusput &(x) =x™
Then the arithmetic mean of &(x) is given by

1
n Di-1 x; 0

This is nothing but the raw factorial moment of X of order I about origin.

Thus, the raw factorial moment of X of order I about origin can be defined as the arithmetic mean of X0,

Raw Moment (about arbitrary point ‘Q°)
Letusput §(x)= (x —a)"
Then the arithmetic mean of &(x) becomes

1
n 2?:1(9@ —a)’

This is nothing but the raw moment of X of order r about the arbitrary point ‘a’.
Thus, the raw moment of X of order I about an arbitrary point ‘@’ can be defined as the arithmetic mean of (X — a)”.
Raw Factorial Moment (about arbitrary point ‘a°)

Letusput E(x) = (x —a)™
Then the arithmetic mean of &(x) becomes
1
; Z?:l(xi - a)(r)
This is nothing but the raw factorial moment of X of order I about arbitrary point ‘a’.

Thus, the raw factorial moment of X of order I about arbitrary point ‘@’ can be defined as the arithmetic mean of
X —-a).

Central Moment
Letusput &x)=(x—a)"

Then the arithmetic mean of &(x) becomes

1
~ Zima( — )"

This is nothing but the central moment of X of order r.
Thus, the central moment of X of order r can be defined as the arithmetic mean of (X — ).

Note (3.1):

In particular, if ¥ =2

then it becomes

1 2
n i=1(x; — @)
This is nothing but the variance of X.

Thus, the variance of X can be defined as the arithmetic mean of (X — & )2.
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Central Factorial Moment

Letusput &%) = (x — o)™

Then the arithmetic mean of & (x) becomes
n

1
_ — o)™
Xi— o
DI
=1
This is nothing but the central factorial moment of X of order I.
Thus, the central factorial moment of X of order I can be defined as the arithmetic mean of (X — a)(r).

Gini’s measure of variation

If we put
§(x) = (Xi—xj)2 , 1<),
then the arithmetic mean of &(x;) becomes

2
D) Zi=1 Yi=2 (x; — x;)?
i<j

This is nothing but Gini’s measure of variation of X .
Thus, Gini’s measure of variation of X can be defined as the arithmetic mean of (x; — xj)z.

Co- variation
Suppose, Y is another variable which assumes the values

Vi Y2, cvvennnn » Yn

whose arithmetic mean is S.
lfweput $(x,y)=(x—a)(y—pB) .
then the arithmetic mean of & (x , y) becomes
ST I (- @) (3= B)
This is nothing but the covariance between X & Y.
Thus, covariance between X & Y can be defined as the arithmetic mean of (X — o )(Y — /).

IV. CONCLUDING REMARK

Average is the basis of the mathematical measures of dispersion computed from data. Each of the mathematical
measures of dispersion of a variable based on data can be interpreted as an average of some function of the associated
variable.

Finally, let us conclude with the hypothesis that average is the basis of the mathematical measures of that which is to be
computed from data.
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