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ABSTRACT: Harmonic mean, one of the three classical means developed by Pythagoras, has wide application in many situations. 

The properties of harmonic mean, which are yet unknown or unestablished, are to be known or to be established due to its importance 

in reality. In this study, additive property of harmonic mean has been derived. Derivation of the property has been presented in this 

article along with numerical example.  
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I. INTRODUCTION 

 

The concept of average [1 , 32] found to be used in almost everywhere.  Measure of average was first developed by the 

great mathematician Pythagoras [4 , 28 , 29 , 30 , 31 , 34]. He defined three measures of average namely arithmetic mean 

[2 , 5 , 21 , 26], geometric mean [2 , 5 , 9 , 21 , 26] and harmonic mean [2 , 5 , 21 , 26 , 36] which were given the name 

“Pythagorean Means” [3 , 6 , 9 , 27 , 33 , 35] as a mark of honour to him. Later on, a number of definitions / formulations 

of average had been derived due to necessity of handling different situations. Some of them are quadratic mean or root 

mean square, square root mean , cubic mean, cube root mean,  generalized p mean & generalized pth root mean  etc. in 

addition to Arithmetic Mean , Geometric Mean & Harmonic Mean [7 , 10 , 12 , 26]. Moreover, one general method had 

been identified for defining average of a set of values of a variable as well as a generalized method of defining average 

of a function of a set (or of a list) of values [8 , 10 , 11 , 14].  Recently, four formulations of average have been derived 

from the three Pythagorean means which are Arithmetic-Geometric Mean, Arithmetic-Harmonic Mean, Geometric-

Harmonic Mean and Arithmetic-Geometric-Harmonic respectively [13 , 15 − 20 , 22 − 26].  

 

Each of the measures of average is to carry its own properties of whose some are known. It is important to know whether 

a measure carry additive property since it can be useful for many tasks. Harmonic mean, one of the three classical means 

developed by Pythagoras, has wide application in many situations. The properties of harmonic mean, which are yet 

unknown or unestablished, are to be known or to be established due to its importance in reality. In this study, additive 

property of harmonic mean has been derived. Derivation of the property has been presented in this article along with 

numerical example.   

 

II. HARMONIC MEAN 

Let us consider a list of n real numbers or values namely 

𝑥1 , 𝑥2 , . . . . . .  ,  𝑥𝑛  

Harmonic Mean [[2 , 5 , 21 , 26 , 36], denoted by H(𝑥1 , 𝑥2 , . . . . . .  ,  𝑥𝑛), of them is defined by      

H(𝑥1 , 𝑥2 , . . . . . .  ,  𝑥𝑛)  =  
1

1

𝑛
( 

1

𝑥1
  + 

1

𝑥2
 + .........  +  

1

𝑥𝑛
 )
  

provided the numbers are non-zero.  

On the other hand, arithmetic mean [2 , 5 , 21 , 26] of  𝑥1 , 𝑥2 , . . . . . .  ,  𝑥𝑛 , denoted by A(𝑥1 , 𝑥2 , . . . . . .  ,  𝑥𝑛), 

is defined by  

A(𝑥1 , 𝑥2 , . . . . . .  ,  𝑥𝑛)  =   
1

𝑛
(𝑥1 + 𝑥2 + … ….  + 𝑥𝑛)  

Additive Property of Harmonic Mean   
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Thus harmonic mean can be described as the reciprocal of arithmetic mean of the reciprocals. 

 

The definition of harmonic mean implies that    

  

H( 
1

𝑥1
  , 

1

𝑥2
  , . . . . . .  ,

1

𝑥𝑛
 )  =  

1
1

𝑛
( 𝑥1  + 𝑥2 + .........  +  𝑥𝑛 )

 

i.e.          
1

𝑯( 
1

𝑥1
  ,

1

𝑥2
  ,   ….......  ,   

1

 𝑥𝑛
 )
  =  

1

𝑛
( 𝑥1   +  𝑥2 + . . . . . . . . .  +  𝑥𝑛 ) 

 

 

 

III. ADDITIVE PROPERTY OF HARMONIC MEAN 

  

If X is a variable which assumes the values  

𝑥1 , 𝑥2 , … … … . . ,  𝑥𝑛 

then by definition, 

harmonic mean of X, denoted by H(𝑋), will be      

H(X)  =  
1

1

𝑛
( 

1

𝑥1
  + 

1

𝑥2
 + .........  +  

1

𝑥𝑛
 )
   

which implies 

1

𝑯( 
1

𝑋
 )
  =   

1

𝑛
(𝑥1 + 𝑥2 + … ….  + 𝑥𝑛) 

Similarly, if another variable Y which assumes the non-zero values  

𝑦1 ,  𝑦2 , … ….  ,  𝑦𝑚  

then   

H(Y)  =  
1

1

𝑚
( 

1

𝑦1
  + 

1

𝑦2
 + .........  +  

1

𝑦𝑚
 )
     

which implies, 

1

𝑯( 
1

𝑌
 )
  =   

1

𝑚
(𝑦1 + 𝑦2 + … ….  + 𝑦𝑚 )  

 
Now the variable  𝑋 + 𝑌 assumes the  𝑛 + 𝑚  values   

𝑥1 + 𝑦1 ,  𝑥1 + 𝑦2 , … … … . . , 𝑥1 + 𝑦𝑚 , 

𝑥2 + 𝑦1 ,  𝑥2 + 𝑦2 , … … … . . ,  𝑥2 + 𝑦𝑚 , 

.............................................................  

𝑥𝑛 + 𝑦1 ,  𝑥𝑛 + 𝑦2 , … … … . . ,  𝑥𝑛 + 𝑦𝑚 ,  

which are all non-zero. 

http://www.ijarset.com/
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Accordingly,  

1

𝑯( 
1

𝑋+𝑌
 )
  =  

1

𝑛+𝑚
 { (𝑥1 + 𝑦1) + ( 𝑥1 + 𝑦2) +   … … … . . + (𝑥1 + 𝑦𝑚 ) +  (𝑥1 + 𝑦1) + ( 𝑥1 + 𝑦2) +

                       … … … . . + (𝑥1 + 𝑦𝑚 ) +   … … … … ..  +  ( 𝑥1 + 𝑦2) +    … … … . . + (𝑥1 + 𝑦𝑚 )} 

                 =  
1

𝑛
(𝑥1 + 𝑥2 + … ….  + 𝑥𝑛)  +  

1

𝑚
(𝑦1 + 𝑦2 + … ….  + 𝑦𝑚 ) 

i.e.                   
1

𝑯( 
1

𝑋+𝑌
 )
  =  

1

𝑯( 
1

𝑋
 )
  +   

1

𝑯( 
1

𝑌
 )
   

 

Now, if X, Y & Z are three discrete random variables such that all assume non-zero values then 

X  + Y + Z  = X  + (Y + Z )   

where (Y + Z ) is a variable. 

Accordingly, 

1

𝑯( 
1

𝑋+𝑌+𝑍
 )
  =  

1

𝑯( 
1

𝑋+𝑌
 )

 +   
1

𝑯( 
1

𝑍
 )

 

i.e.            
1

𝑯( 
1

𝑋+𝑌+𝑍
 )
  =   

1

𝑯( 
1

𝑋
 )
  +   

1

𝑯( 
1

𝑌
 )

 +   
1

𝑯( 
1

𝑍
 )

 

By the application the mathematical induction, one can obtain that if 

𝑋1 , 𝑋2 , ………… ,  𝑋𝑝 

are  p discrete random variables such that all assume non-zero values then  

1

𝑯( 
1

𝑋1+𝑋2+ ………… +  𝑋𝑝
 )
  =   

1

𝑯( 
1

𝑋1
 )
  +   

1

𝑯( 
1

𝑋2
 )

 +  . . . … … … +   
1

𝑯( 
1

 𝑋𝑝
 )
 

 

Thus the following theorem, interpretable as additive property of harmonic expectation, has been obtained:  

 

Theorem (3.1): 

The reciprocal of 𝒉𝒂𝒓𝒎𝒐𝒏𝒊𝒄 𝒎𝒆𝒂𝒏 of the 𝒔𝒖𝒎 of a number of 𝒗𝒂𝒓𝒊𝒂𝒃𝒍𝒆𝑠 is equal to the 𝒔𝒖𝒎 of the reciprocals of 

the individual 𝒉𝒂𝒓𝒎𝒐𝒏𝒊𝒄 𝒎𝒆𝒂𝒏s of the reciprocals of the respective 𝒗𝒂𝒓𝒊𝒂𝒃𝒍𝒆𝑠 

 i.e. if 

𝑋1 , 𝑋2 , ………… ,  𝑋𝑝 

are  p discrete random variables such that all assume non-zero values then  

1

𝑯( 
1

𝑋1+𝑋2+ ………… +  𝑋𝑝
 )
  =   

1

𝑯( 
1

𝑋1
 )
  +   

1

𝑯( 
1

𝑋2
 )

 +  . . . … … … +   
1

𝑯( 
1

 𝑋𝑝
 )
 

http://www.ijarset.com/


    

 
ISSN: 2350-0328 

International Journal of AdvancedResearch in Science, 

Engineering and Technology 

Vol. 11, Issue 10, October 2024 

 

Copyright to IJARSET                                              www.ijarset.com                                                              22392 
 

 

 

 

 

 

 

 

  

 

IV. NUMERICAL EXAMPLE 

 

If X is a variable which denotes odd integer lying between 1 & 10 then it assumes the values  

1 , 3 , 5 , 7 , 9 

After calculation, it is found that       

H(
1

𝑋
)  = 0.2       i.e.      

1

𝑯( 
1

𝑋
 )
 = 5 

 Similarly if Y is another variable which denotes even integer lying between 1 & 10 then it assumes the values  

2 , 4 , 6 , 8 , 10 

After calculation, it is found that       

H(
1

𝑌
)  = 0.16666666666666666666666666666667       i.e.      

1

𝑯( 
1

𝑌
 )
 = 6  

The variable 𝑋 + 𝑌 assumes the 25 values     

3 , 5 , 7 , 9 , 11 , 5 , 7 , 9 , 11 , 13 , 7 , 9 , 11 , 13 , 15 , 9 , 11 , 13 , 15 , 17 , 11 , 13 , 15 , 17 , 19  

After calculation, it is found that       

H(
1
1

𝑋+𝑌

)  = 0.09090909090909090909090909090909       i.e.      
1

𝑯( 
1

𝑋+𝑌
 )
 = 11 

Note that  

1

𝑯( 
1

𝑋
 )
  +  

1

𝑯( 
1

𝑌
 )
 = 5 + 6  = 11 = 

1

𝑯( 
1

𝑋+𝑌
 )

 

Again, if Z is another variable which denotes prime integer lying between 1 & 10 then it assumes the values  

1 , 3 , 5 , 7  

After calculation, it is found that       

H(
1

𝑍
)  = 0..25      i.e.      

1

𝑯( 
1

𝑍
 )
 = 4 

The variable 𝑋 + 𝑌 + 𝑍 assumes the 100 values     

3 , 5 , 7 , 9 , 11 , 5 , 7 , 9 , 11 , 13 , 7 , 9 , 11 , 13 , 15 , 9 , 11 , 13 , 15 , 17 , 11 , 13 , 15 , 17 , 19 ,  

6 , 8 , 10 , 12 , 14 , 16 , 10 , 12 , 14 , 16 , 10 , 12 , 14 , 16 , 18 , 12 , 14 , 16 , 18 , 20 , 14 , 16 , 18 , 20 , 22 ,  

8 , 10 , 12 , 14 , 16 , 10 , 12 , 14 , 16 , 18 , 12 , 14 , 16 , 18 , 20 , 14 , 16 , 18 , 20 , 22 , 16 , 18 , 20 , 22 , 249 ,  

10 , 12 , 14 , 16 , 18 , 12 , 14 , 16 , 18 , 20 , 14 , 16 , 18 , 20 , 22 , 16 , 18 , 20 , 22 , 24 , 18 , 20 , 22 , 24 , 26 .  

http://www.ijarset.com/
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After calculation, it is found that    

H(
1
1

𝑋+𝑌+𝑍

)  = 0.06666666666666666666666666666667       i.e.      
1

𝑯( 
1

𝑋+𝑌+𝑍
 )
 = 15 

Note that  

1

𝑯( 
1

𝑋
 )
  +   

1

𝑯( 
1

𝑌
 )

 +   
1

𝑯( 
1

𝑍
 )
 = 5 + 6 + 4 = 15 = 

1

𝑯( 
1

𝑋+𝑌+𝑍
 )
   

 

 

V. DISCUSSION AND CONCLUSION 

 

The additive property of arithmetic mean [2 , 5 , 21 , 26] states that 

the 𝒂𝒓𝒊𝒕𝒉𝒎𝒆𝒕𝒊𝒄 𝒎𝒆𝒂𝒏  of the 𝒔𝒖𝒎 of a number of 𝒗𝒂𝒓𝒊𝒂𝒃𝒍𝒆𝑠 is equal to the 𝒔𝒖𝒎 of their individual 

𝒂𝒓𝒊𝒕𝒉𝒎𝒆𝒕𝒊𝒄 𝒎𝒆𝒂𝒏s  

 i.e. if 

𝑋1 , 𝑋2 , ………… ,  𝑋𝑝 

are  p discrete random variables such that all assume non-zero values then  

A(𝑋1 + 𝑋2 + … … … … +   𝑋𝑝)  =   A(𝑋1) + A(𝑋2)  + … … . ….  + A( 𝑋𝑝) 

Thus the additive property of arithmetic mean can be summarized as     

𝑨𝒓𝒊𝒕𝒉𝒎𝒆𝒕𝒊𝒄 𝑴𝒆𝒂𝒏 of 𝐒𝐮𝐦 of 𝑽𝒂𝒓𝒊𝒂𝒃𝒍𝒆s

  

= S𝐮𝐦 of 𝑨𝒓𝒊𝒕𝒉𝒎𝒆𝒕𝒊𝒄 𝑴𝒆𝒂𝒏 of 𝑽𝒂𝒓𝒊𝒂𝒃𝒍𝒆s   

Theorem (3.1), describing the additive property of harmonic mean, can be summarized as  

1

 Harmonic Mean of (
1

 Sum of Variables
 )

   =  Sum of {
1

 𝑯𝒂𝒓𝒎𝒐𝒏𝒊𝒄 𝑴𝒆𝒂𝒏 of (
1

  𝑽𝒂𝒓𝒊𝒂𝒃𝒍𝒆
 )
 }s   

This is the rhythm lying in the additive property of harmonic mean. For this reason, additive property of harmonic 

mean can be regarded as Rhythmic Additive Property of Harmonic Mean.  

 

It is to be mentioned that the additive property of harmonic mean has here been derived in the case of a discrete random 

variable. Derivation of this property is to be done in the case of continuous random variable.  

 

It is also required to search for if their exists more property or properties of harmonic mean. 
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