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ABSTRACT: Multiplicative property of geometric mean, which had been identified in a study, was derived in that
study in the case of discrete variable from its classical definition. Later on, this property of geometric mean was derived
in the case of same variable from the additive property of arithmetic mean which is an established one. A third proof of
the property has been forwarded in this article.
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. INTRODUCTION

Average [4 , 52] is a concept which has been found to be used in almost everywhere. Measure of average was first
developed by the great mathematician Pythagoras [7 , 43, 45, 48, 49, 54]. He defined three measures of average namely
arithmetic mean, geometric mean and harmonic mean which were given the name “Pythagorean Means” [6, 8,9, 10,
12,15, 35, 56] as a mark of honour to him. Later on, a number of definitions / formulations of average had been derived
due to necessity of handling different situations. Some of them are quadratic mean or root mean square, square root mean ,
cubic mean, cube root mean, generalized p mean & generalized p™ root mean etc. in addition to Arithmetic Mean ,
Geometric Mean & Harmonic Mean [10, 15, 29]. Moreover, one general method had been identified for defining average
of a set of values of a variable as well as a generalized method of defining average of a function of a set (or of a list) of
values [11, 13, 14, 17]. Recently, four formulations of average have been derived from the three Pythagorean means
which are Arithmetic-Geometric Mean, Arithmetic-Harmonic Mean, Geometric-Harmonic Mean and Arithmetic-
Geometric-Harmonic respectively [16 , 19, 25, 29]. Pythagorean classical means, along with the other means derived
from these three, play vital roles in finding measures of various characteristics of data namely central tendency, dispersion,
correlation regression etc. [1,2,3,18,19-28,30-34,36,37,42,44,46,47,50, 51,53, 55, 57]. Various
properties of the three Pythagorean means have already been identified which are available in the literature of statistics
[6 , 48] while more properties of them are yet to be identified. Recently, one property of harmonic mean which can be
termed as its additive property [38 , 40] and one property of geometric mean which can be termed as its multiplicative
property [39 , 41] have been identified in the case of discrete variable. The multiplicative property of geometric mean
was first derived in the case of discrete variable from its classical definition [39]. It is to be mentioned that the additive
property of arithmetic mean is already an established one [38]. Accordingly, the multiplicative property of geometric
mean was derived, later on, from the additive property of arithmetic mean [41]. A third proof of the property has been
forwarded in this article.

Il. AITHMETIC & GEOMETRIC MEANS
Definition

Arithmetic Mean of a list of N real numbers or values namely

, denoted by A(ay , Ay, ...... , Ay), is defined by
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1
Ala;,ay, ...... ,ay) = - >N oa
while Geometric Mean of them, denoted by G(a, , a, , ...... , Ay ), is defined by
— N
Gla;,ay, ...... ,ay) = ([lizqa )YV

provided the N numbers are strictly positive.
Note:
Taking log on both sides of (2.2), it is obtained that
log G(a; ,a;, ...... , ay) = % >N log a;
Now, if V is a variable which assumes the values
Vi, Ug\yoeeveeveeen, Uy

then Arithmetic Mean of V, denoted by G(/), is defined by
A(V) = % Ly v

while Geometric Mean of V, denoted by G(V), is defined by
G(V) = (MM v )™

Note:

Taking log on both sides of this it is obtained that
1
log G(V) = — >M . logv;

Corollary:

(1) If ¢ is a non-zero constant then equations (2.1) & (2.2) yield

A(ca, ,ca,, ...... ,cay) =cAla;,a,, ...... , ay)
& G(ca;,cay, ..... ,cay)=cG(ay,az, ...... , ay)

respectively.
In particular, if ¢ =-1,
Aay,-ay, ...... ,—ay) = -Alay,a,, ...... , ay)

& G(-a;,-ay, ...... ,—ay) =-G(a; ,a,, ...... , ay)

(2) Similarly, if ¢ is a non-zero constant then equations (2.4) & (2.5) yield
A(cV) =cAV) & G(cV) = cG(V)

respectively.
In particular, if ¢ =-1,

A(V) = —AV) & G(-V) =-G(V)
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I11. MULTIPLICATIVE PROPERTY OF GEOMETRIC MEAN

Statement of the Property:

If
). CID. CH , Xi
are K discrete variables such that all assume non-zero values then
G (X1 Xg eve e X)) =G (X1) G(Xy) v G(Xy)

In particular, if X & Y be two variables such that each of them assumes the non-zero values then

G (XY) = G(X) G(Y)

Proof:
Let us first consider the case of two variables.
Let X & Y be two variables such that
X assumes the m positive values
X1y X2y eeevenennn, Xy
and Y assumes the n positive values

yl; yZI"""""'I yn
respectively

such that by equation (2.6),
1
log G(X) = — %;/Z 1 logx;

& log G(Y) = % I logy;

Then the variable XY assumes the mn values

X1Y1 » X1Y2 5 e evewennn 5, X1Vn
XoV1 » X2Y2 5 e venwnnnn , XoVn
XmV1 v XmY2 5 evveevnnnn y XmVn -

By equation (2.6),
1
log G(XY) = — %2, ¥ log (x; 1)

1
= 221 Xj=q (logx; +log yy)

1

= o [ X% jn=1 logx; + %24 logyil.]
1
= [nX/Z logx; + mYf, logy; ]

w SiLylogx;+ o NfLy logy;
= log G(XY) = log G(X) + log G(Y) , by equation (2.6)
= log G(XY) = log {G(X) G(Y)}
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Hence, G(XY) = G(X) G(Y) (3.1)

Now, if X, Y & Z are three variables each of which assumes positive values then

G(XYZ) = G{(XY)Z}
= G(XYZ) = G (XY) G(Z) , by equation (3.1)
= G(XYZ) = G(X) G(Y) G(2) , by equation (3.1) (3.2)
By the same logic, it is obtained for four positive valued variables X , Y, Z & W that
G(XYZW) = G(X) G(Y) G(2) G(W) (3.3)
Applying the same logic to the variables
X1, Xy, i, , Xk o
it can be obtained that
G(X1 Xy v X)) = G(X1) G(Xy) cvneene. G(Xy) (3.4)
Note:
If
C11Cy wevvrnnrinens y Ck

are non-zero constants,

then applying equation (3.4) to the variables

it is obtained that
G{(c1X1)-(€2X2). v e e (1 Xi)} = (€1.€2 ) e e e C){G(X71).G(X). e e o . G(X)} (3.5)

This can be termed as general multiplicative property of geometric mean.

Corollary:

Putting the values of all

C13C2 ) weerieennenns y Ce
as — 1 in equation (3.5),
it is obtained that
G{(-X). (- X2) e oo - X))} = (= D{G(X1).G(X3). ce v ... . G(Xp)} (3.6)

IV. DISCUSSION AND CONCLUSION

The multiplicative property of geometric mean was derived from its classical definition the in earlier study [39]. Later
on, this property has been derived from the additive property of arithmetic mean [41]. A third proof of the property has
been forwarded in this article. The aim of this study was to verify whether the three tracks of derivation yield the same
result and in the study it has been found so. Consequently, the correctness of the multiplicative property of geometric
mean, as obtained in the earlier study, has also been established by this study.
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In this connection, it is to be mentioned that development of the theory of geometric mean still lies in the immature stage.
Lot of studies are still pending on various aspects of geometric mean specifically on its other possible properties, its
applications and many others.
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