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ABSTRACT: One property of geometric mean was identified recently and termed as its multiplicative property. The
multiplicative property of geometric mean was derived in the case of discrete variable from its classical definition. On
the other hand, the additive property of arithmetic mean is already an established one. Here, the multiplicative property
of geometric mean has been derived from the additive property of arithmetic mean. This derivation of multiplicative
property of geometric mean has been presented in this article.
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. INTRODUCTION

Average [4, 51] has been found to be too important to be used in almost everywhere. The great mathematician Pythagoras
[7,42,44 47,48, 53] is the first one to develop measure of average. He developed three measures of average namely
arithmetic mean, geometric mean and harmonic mean which were given the name “Pythagorean Means” [6,8,9, 10,
12,15, 35, 55] as a mark of honour to him. Later on, a number of definitions / formulations of average had been derived
due to necessity of handling different situations. Some of them are quadratic mean or root mean square, square root mean ,
cubic mean, cube root mean, generalized p mean & generalized p" root mean etc. in addition to Arithmetic Mean ,
Geometric Mean & Harmonic Mean [10, 15, 29]. Moreover, one general method had been identified for defining average
of a set of values of a variable as well as a generalized method of defining average of a function of a set (or of a list) of
values [11, 13, 14, 17]. Recently, four formulations of average have been derived from the three Pythagorean means
which are Arithmetic-Geometric Mean, Arithmetic-Harmonic Mean, Geometric-Harmonic Mean and Arithmetic-
Geometric-Harmonic respectively [16 , 19, 25, 29]. Pythagorean classical means, along with the other means derived
from these three, play vital roles in finding measures of various characteristics of data namely central tendency, dispersion,
correlation regression etc. [1,2,3,18,19-28,30-34,36,37,41,43,45,46,49,50, 52, 54, 56]. Various
properties of the three Pythagorean means have already been identified which are available in the literature of statistics
[6, 47] while more properties of them are yet to be identified. Recently, one property of harmonic mean which can be
termed as its additive property [38 , 40] and one property of geometric mean which can be termed as its multiplicative
property [39] have been identified in the case of discrete variable. The multiplicative property of geometric mean was
derived in the case of discrete variable from its classical definition. On the other hand, the additive property of arithmetic
mean is already an established one [38]. Here, the multiplicative property of geometric mean has been derived from the
additive property of arithmetic mean. This derivation of multiplicative property of geometric mean has been presented in
this article

1. AITHMETIC & GEOMETRIC MEANS

Arithmetic & Geometric Means of List of Numbers:

Let us consider a list of N real numbers or values namely
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Avrithmetic Mean of a4 ,a,, ...... , ay ,denoted by A(a; ,a,, ...... , @y ), is defined by
Ala;,a,, ...... , ay) = %ng:l a;
On the other hand, Geometric Mean of them denoted by G(a, , a, , ...... , Ay), is defined by
Gla;,ay, ...... , ay) = (H?’zl a; )N

provided the N numbers are strictly positive.

Taking log on both sides of this it is obtained that
G(a,,a,, ...... , ay) =antilog {A(loga,, loga,, ...... ,logay)}

Thus, the Geometric Mean of a list of numbers can also be defined as the antilogarithm of the Arithmetic Mean of the
logarithms of the numbers.

Note:
(2.1) If ¢ is a non-zero real constant,
then
A(ca, ,cay, ...... ,cay) = cAlay,az, ...... , ay)

& G(cay,cay, ...... ,cay) = cGlay,az, ...... , ay)

Arithmetic & Geometric Means of Variable:

Now, if X is a variable which assumes the values
X1 X2 ) eer e winnny, Xy

then Arithmetic Mean of X, denoted by A(X), is defined by
A(X) = % 21 %
while Geometric Mean of X, denoted by G(X), is defined by
GO = (T x )™
Provided all of X1 , X5 , ... ... ....., X are strictly positive.

Taking log on both sides of this it is obtained that
G(X) = antilog {-- %/, x;} = antilog {A(logX)}
This means that Geometric Mean of X is the antilog of Arithmetic Mean of log X.

Thus, the Geometric Mean of a variable can also be defined as the antilogarithm of the Arithmetic Mean of its logarithm.
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Note:
(2.3) If ¢ is a non-zero real constant,
then
A(cX) = c A(X) & G(cX) = ¢ G(X)
(2.4) Putting ¢ = -1, it is obtained that
A(=X) = —A(X) & G(-X) = —G(X)

I11. MULTIPLICATIVE PROPERTY OF GEOMETRIC MEAN

Statement:
If

are K discrete variables such that all assume non-zero values then
G(X1 Xy ere eve e Xi) = G(Xy) G(Xy) v G(Xy)
In particular, if X & Y be two variables such that each of them assumes the non-zero values then
G(XY) = G(X) G(Y)
Proof:

Since the Geometric Mean of a variable is the antilogarithm of the Arithmetic Mean of its logarithm,
therefore the Geometric Mean of each of the variables

is the antilogarithm of the Arithmetic Mean of its logarithm i.e.
G(X,) = antilog {A(logX,)},
G(X,) = antilog {A(logX>)},
G(Xy) = antilog {A(logX;)} .
By the additive property of Arithmetic Mean,
AXy+ X+ e+ X)) = AX) FAX) + e FAX)
Applying the additive property of Arithmetic Mean to the variables

logX; ,logX,, e , logX;
it is obtained that
A(logX; +logX, + ...........+1logXy) = A(logX,) + A(logX;) + ........... +A(logXy)
which implies that
Aflog (X1.X5. oo X))} = log G(X;) + log G(X3) + ... ........ +log G(X})
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which further implies that

log {G(X1- X5 v . Xi)} =109 {G(X1).G(X3). v vev e . G(Xp)}
Hence,
G(X1. Xy e X)) = G(X1).G(X2): v e . G(Xg)
Corollary:
(3.1)If
C1,C ) vvnnnennns , Ck

are non-zero constants,
then

G{(c1X1).-(2X2). v v (kX )} = (C1-Coe v o ) {G(X71).G(X3). v v v . G(Xp)}
which can be termed as general multiplicative property of geometric mean.

IV. DISCUSSION AND CONCLUSION

The multiplicative property of geometric mean was derived from its classical definition the in earlier study. In this study,
it has been derived from the additive property of arithmetic mean. The aim of this study was to verify whether the two
tracks of derivation yield the same result and in the study it has been found so. Consequently, the correctness of the
multiplicative property of geometric mean, as obtained in the earlier study, has also been established by this study.

The multiplicative property of geometric mean can be summarized as
Geometric Mean of product of Variables = Product of Geometric Means of Variables

The equation

shown in Note (2.2), implies that the geometric mean of a list or of a set of negative numbers exists if all the numbers are
negative and is a negative number.
Similarly, the equation

G(-X) = -G(X)
shown in Note (2.4), implies that the geometric mean of negative valued variable and is a negative number.

In this connection, it is to be mentioned that it is yet to be investigated whether geometric mean of a list or of a set of
negative numbers exists if the list or the set contains a mixture of positive and negative valued numbers.
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1983.
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(Dr. Dhritikesh Chakrabarty, 2" from the left, with his teacher Sjt. Satyendra Nath Sharma, at the extreme left, and
some other academicians in the Golden Jubilee Celebration of Department of Statistics of Darrang College, held during
06 - 07 February, 2016)

Dr. Dhritikesh Chakrabarty, currently an independent researcher, served Handique Girls’ College, Gauhati University,
during the period of 34 years from December 09, 1987 to December 31, 2021, as Professor (first Assistant and then
Associate) in the Department of Statistics along with Head of the Department for 9 years and also as Vice Principal of
the college. He also served the National Institute of Pharmaceutical Education & Research (NIPER) Guwahati, as guest
faculty (teacher cum research guide), during the period from May, 2010 to December, 2016. Moreover, he is a Research
Guide (Ph.D. Guide) in the Department of Statistics of Gauhati University and also a Research Guide (Ph.D. Guide) in
the Department of Statistics of Assam Down Town University. He has been guiding a number of Ph.D. students in the
two universities. He acted as Guest Faculty in the Department of Statistics and also in the Department of Physics of
Gauhati University. He also acted as Guest Faculty cum Resource Person in the Ph.D. Course work Programme in the
Department of Computer Science and also in the Department of Biotechnology of the same University for the last six
years.

Dr. Chakrabarty has been working as an independent researcher for the last more than thirty years. He has already been
an author of 260 published research items namely research papers, chapter in books / conference proceedings, books etc.
He visited U.S.A. in 2007, Canada in 2011, U.K. in 2014 and Taiwan in 2017. He has already completed one post doctoral
research project (2002 — 05) and one minor research project (2010 — 11). He is an active life member of the academic
cum research organizations namely (1) Assam Science Society (ASS), (2) Assam Statistical Review (ASR), (3) Indian
Statistical Association (ISA), (4) Indian Society for Probability & Statistics (ISPS), (5) Forum for Interdisciplinary
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Mathematics (FIM), (6) Electronics Scientists & Engineers Society (ESES) and (7) International Association of
Engineers (IAENG). Moreover, he is a Reviewer/Referee of (1) Journal of Assam Science Society (JASS) & (2)
Biometrics & Biostatistics International Journal (BBI1J); a member of the executive committee of Electronic Scientists
and Engineers Society (ESES); and a Member of the Editorial Board of (1) Journal of Environmental Science, Computer
Science and Engineering & Technology (JECET), (2) Journal of Mathematics and System Science (JMSS) & (3) Partners
Universal International Research Journal (PUIRJ). Dr. Chakrabarty acted as members (at various capacities) of the
organizing committees of a number of conferences/seminars already held.

Dr. Chakrabarty was awarded with the prestigious SAS Eminent Fellow Membership (SEFM) with membership 1D No.
SAS/SEFM/132/2022 by Scholars Academic and Scientific Society (SAS Society) on March 27, 2022.
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